The exponent γ (D) of a primitive digraph D is the smallest m such that for each ordered pair of not necessarily distinct vertices (u, v) 
Introduction

Basic definitions and notation
We begin with some directed graph (digraph) concepts from [1] that lead to a discussion of the relation between exponent and circumdiameter. In subsequent sections a new upper bound for the circumdiameter and new sufficient conditions for equality in a well known upper bound for the exponent in terms of the circumdiameter are proved.
Let D be a strongly connected digraph on n vertices. The following notation is adapted from Heap and Lynn [5] and Lewin and Vitek [9] . Let d c (λ(D)) [u, v] 
λ(D))[u, u] is defined to be zero. The circumdiameter d c (λ(D)) of D is max u,v∈V (D) {d c (λ(D))[u, v]}. Note that d c (λ(D)) δ(D).
Bounds for the exponent
If S = {p 1 , p 2 , . . . , p s } is a set of relatively prime positive integers, then the Frobenius-Schur index of S [14] , denoted by φ(S), is the least integer N such that each integer n N can be expressed in the form a 1 p 1 + a 2 p 2 + · · · + a s p s for some nonnegative integers a 1 , a 2 
, . . . , a s . It is easily shown that if T ⊂ S is a set of relatively prime integers, then φ(S) φ(T )
In Sections 3 and 4, we consider equality in the following well known upper bound for the exponent in terms of the Frobenius-Schur index and the circumdiameter. 
The Wielandt digraph on n 3 vertices is the digraph W n consisting of the Hamilton cycle 1 → n → (n − 1) → · · · → 1 and the arc 1 → (n − 1), implying that λ(W n ) = {n, n − 1}. In 1950, Wielandt [17] stated that if D is a primitive digraph on n vertices, then γ (D) (n − 1) 2 + 1 ≡ ω n ; his proof appears in [13] . He concluded that any digraph for which equality holds in this upper bound is isomorphic to W n . Since W n has circumdiameter n and φ(λ (W n 
A primitive digraph D on n 3 vertices has large exponent [6] if γ (D) ω n 2 + 2. By a result of Lewin and Vitek [9-Theorem 3.1], a primitive digraph with large exponent has cycles of exactly two lengths. These two relatively prime cycle lengths are denoted by k and j < k. An explicit relationship between k, j and n for primitive digraphs with large exponent is given in the following theorem. [7] has cycles of lengths k = 2 and j = 1, exponent 4 = ω 3 2 + 2, a loop at vertex 1, two vertex disjoint cycles but (k − 2)j < ω 3 2 − 1; therefore, the hypothesis n 4 is required in Theorem 1.3. Example 1.4. All digraphs on n = 3 vertices with large exponent are isomorphic to one of the following digraphs.
By using Theorem 1.3 and [6-Proof of Theorem 1], it can be shown that k + j > n for digraphs on n 4 vertices with large exponent, although the first digraph of Example 1.4 shows that this is not necessarily true for n = 3.
We focus on properties of primitive digraphs, emphasizing those with cycles of exactly two lengths; these include digraphs with large exponent. A new upper bound for the circumdiameter of a primitive digraph with cycles of exactly two lengths k and j with k + j > n is given in Section 2 (Theorem 2.1). Section 3 includes sufficient conditions for which D) ), i.e., equality holds in Theorem 1.1. In Section 4, families of digraphs are given for which equality holds in Theorem 1.1. Two families of digraphs with large exponent for which equality does not hold in Theorem 1.1 are given in Section 5. We conclude with some open questions in Section 6.
A new bound for the circumdiameter
An improvement on the upper bound of [9-Lemma 3.2] follows for primitive digraphs that have cycles of exactly two lengths k and j with k + j > n. 
Proof. Since k + j > n, it follows that each j -cycle intersects each k-cycle. Let u and v be vertices in D. [u, v] [u, v] 
Corollary 2.3. Under the conditions of Theorem
2.1, γ (D) (k − 1)(j − 1) + b.
Sufficient conditions for γ (D) = φ(λ(D)) + d c (λ(D))
Some conditions are now presented under which equality is attained in the upper bound of Theorem 1.1. The first two results contain conditions involving the diameter and a vertex that gives the circumdiameter, respectively.
Theorem 3.1. If u and v are distinct vertices in a primitive
Proof. Since δ [u, v] = n − 1, it follows that there are no u v paths of any other length. Thus the ordered pair (u, v) has the unique path property, implying that
Theorem 3.2. If D is a primitive digraph on n vertices that has cycles of exactly two lengths k and j with k + j > n and a vertex
Proof. Suppose u is on cycles of both lengths. [u, u] . Thus u is on cycles of only one length. If u is only on k-cycles, then d c (λ(D)) = k since each k-cycle intersects every j -cycle and each j -cycle intersects every k-cycle. Furthermore any u u walk of length at least k must include a 1 k-cycles and a 2 j -cycles for some positive integer a 1 and nonnegative integer a 2 . This implies that u has the unique path property. Similarly, if u is only on j -cycles, then d c (λ(D)) = j , implying that u has the unique path property. Thus
The remaining results concern digraphs with large exponent. For k 2, a dou- 
Proof. By Theorem 1.1 and
Since D has large exponent and n 4, D has no doubly directed k-cycles by Lemma 3.3. By [9-
All primitive digraphs on n 4 vertices with large exponent and circumference n and those on n 6 vertices with large exponent and circumference n − 1 are characterized in [8] , and elaborated on in [3-Chapter 5]. 
Proof. By Lemma 3.3 and [u, v] . Note that the cases u = v and d c (λ(D)) = k − 1 are covered in the previous two theorems.
Suppose that some u v path intersects a j -cycle. Since u and v are each on a 
Subcase i: At least one of u or v is on a j -cycle.
Since at least one of u or v is also on a
Thus all u v paths have length n − 1 and any u v walk has length of the form (n − 1) + a 1 k + a 2 j for some nonnegative integers a 1 and a 2 , implying that the ordered pair (u, v) has the unique path property. Therefore 
The above cases and (1) imply that γ (D)
If D is a primitive digraph on 3 n 8 vertices, then the following result shows that having large exponent is sufficient for equality in Theorem 1.1. 
Proof. If n = 3, then D is isomorphic to one of the digraphs of Example 1.4, imply-
by Theorem 3.5, which also covers the cases n = 8, k 7. If n = 8, then k 6 by Theorem 1.3. A complete list, up to isomorphism and the reversal of every arc, of the 56 primitive digraphs on eight vertices with large exponent and circumference 6 was generated using software described in [3-Appendix A], along with their circumdiameters and exponents. The above theorems, (1) and show that every primitive digraph D on 3 n 8 vertices with large exponent satisfies 
Families of primitive digraphs
Neufeld Digraphs
Theorem 4.1. If D ∈ F δ , then γ (D) = φ(λ(D)) + d c (λ(D)).
Proof. Since by [10] each cycle length in λ(D) is a nonnegative linear combination of δ and δ + 1, it follows by (1) that δ(δ − 1) − 1 cannot be expressed as a nonnegative linear combination of cycle lengths in λ(D), implying that φ(λ(D)) δ(δ − 1). Since {δ, δ + 1} ⊆ λ(D), it follows by (1) that φ(λ(D)) δ(δ − 1). Thus φ(λ(D)) = δ(δ − 1).
Let u be the distinguished vertex in
since v is on cycles of all lengths in λ(D) it follows that d c (λ(D))[v, w] δ, d c (λ(D))[w, v] δ and d c (λ(D))[v, v]
= 0. If v, w ∈ V 1 , then d c (λ(D))[v, w] = δ and d c (λ(D))[v, v] = δ. If v ∈ V 1 and w ∈ V δ , then d c (λ(D))[v, w] = δ − 1, d c (λ(D))[w, v] δ + 1, d c (λ(D))[w, w] = δ, d c (λ(D))[u, v] = 1, d c (λ(D))[v, u] = δ, d c (λ(D))[w, u] = 1 and d c (λ(D))[u, w] = δ. If v, w ∈ V δ , then d c (λ(D))[v, w] = δ. Since d c (λ(D))[u, u] = δ + 1, it follows that d c (λ(D)) = δ + 1. By [10-Theorem 5.1] γ (D) = δ 2 + 1, which is equal to φ(λ(D)) + d c (λ(D)).
Digraphs of Leslie matrices
The following concepts are taken from . A population at time t can be represented by a column vector u(t), with ith entry equal to the number of individuals in age class i for i = 1, 2, . . . , n with post-reproductive age classes being ignored. Time and age are broken up into the same discrete intervals. A Leslie matrix is a square nonnegative matrix L = [l ij ] such that u(t + 1) = Lu(t). For 2 i n, l i,i−1 is positive and represents the probability that an individual survives age class i − 1 and moves into age class i. For 1 i n, l 1i 0 represents the per capita fertility of age class i, where l 1n > 0. All other entries in L are zero.
A Leslie matrix L = [l ij ] gives a strongly connected life cycle digraph with an arc j → i if and only if l ij > 0. This arc direction associated with a positive matrix entry agrees with that of the life cycle digraph [2] , but is opposite to that usually used in combinatorial matrix theory [1] . A sufficient condition for primitivity of the life cycle digraph is the existence of two adjacent age classes with positive fertility; thus most life cycle digraphs are primitive. Note that if there are exactly two adjacent reproductive age classes, then the life cycle digraph is isomorphic to W n . The strong ergodic theorem [2-p. 86] shows that if the life cycle digraph is primitive, then the population tends towards a stable age distribution. [u, v] a 1 , a 2 , . . . , a s , implying that vertex n has the unique path property. Thus by Theorem 1.2, γ (D) φ({c 1 , c 2 , . . . , c s }) + n. 
Corollary 4.3. Under the conditions of Theorem
Note that an explicit expression for γ (D) when r = 1 is given in the Theorem of the Appendix in [11] . Equating that expression with the result of Corollary 4. 2. This expression is a special case of (3.9) in [14] .
The following result considers the case in which s = 2 and r = n − j in Theorem 4.2. 
Families of primitive digraphs D with large exponent and γ (D)
In this section, two families of primitive digraphs are introduced, demonstrating that for primitive digraphs with large exponent, the inequality of Theorem 1.1 can be strict. The next lemma is used in the proofs of the following two theorems.
Lemma 5.1. Suppose that D is a primitive digraph and u, v ∈ V (D). If there is no u v walk of length φ(λ(D))
Proof. If there is no such u v walk, then by Theorem
There is a w x walk of every length at least φ(λ (D)) + d c (λ(D))[w, x], including a w x walk of length φ(λ(D)) + d c (λ(D) 
Theorem 5.2. For every n 9 there exists a primitive digraph H (n) on n vertices with large exponent and γ (H (
Proof. Let H (n) be the primitive digraph on n 9 vertices with arcs 1 Fig. 1 . Since H (n) has cycles of exactly two lengths k = n − 2 and j = n − 3, it follows by [9-Theorem 4.1] that γ (H (n)) (n − 3) 2 . This implies that H (n) has large exponent. Every vertex is on cycles of both lengths,
However, if u and v are not on the same k-cycle or j -cycle, then there exists a u v path that is a subpath of either 2 1, for every u, v such that d c (λ(H (n) [u, v] , there exists a u v walk of length φ(λ (H (n) 1, 3) or (2, n) , and note that there exists an (n − 1) 3 path of length (n − 1) through vertex 1 and a 2 n path of length n − 1 through vertices 1 and n − 1. These paths, together with n − 5 cycles of length n − 2, form walks of length n − 1 (H (n) )) − 1, and thus it follows that there is a u v walk of length φ(λ (H (n) 
Suppose there exists a 2 1 walk of length
There is exactly one 2 1 path which has length n − 3, implying that (n − 3) 2 − 1 = (n − 3) + a 1 (n − 2) + a 2 (n − 3) for some nonnegative a 1 and a 2 . Therefore (n − 3)(n − 4) − 1 = a 1 (n − 2) + a 2 (n − 3), giving a contradiction. Thus there is no 2 1 walk of length 
Proof. Suppose that n 22 and M(n) is the digraph on n vertices consisting of the (n − 6)-cycle 1 → 2 → · · · → (n − 6) → 1 and the arcs (n − 6)
The only vertices with indegree more than one are 3, 5, n − 3 and n. Each of the arcs that terminates at any of these vertices originates at a vertex with outdegree one, implying that removing any of these arcs leaves a digraph that is not strongly connected. The only vertices with outdegree more than one are 1 and n − 6. Each of the arcs that originates from any of these vertices terminates at a vertex with indegree one, implying that removing any of these arcs would result in a digraph that is not strongly connected. All other arcs originate at a vertex of outdegree one and terminate at a vertex of indegree one, implying that removing any of these arcs would result in a digraph that is not strongly connected. Thus M(n) is minimally strong with cycles of exactly two relatively prime lengths, also implying that M(n) is primitive.
By construction, the k-cycles are 1 → 2 → · · · → (n − 6) → 1 and 1 → (n − 2) → (n − 3) → n → 5 → 6 → · · · → (n − 6) → 1, and the j -cycles are 3 → 
Thus the set of all vertices on k-cycles is V (M(n)) \ {n − 5, n − 4, n − 1} and the set of all vertices on j -cycles is V (M(n)) \ {2, n − 2}. Since no two adjacent vertices in M(n) are on cycles of one length only,
Each of these paths is a path of shortest length from the first to the last vertex, each intersects cycles of both lengths and has length n − 5. Suppose that u ∈ V (D). If (u, v) ∈ S, then, in addition to the above paths of length n − 5, there exists a u v path of length n − 4 that intersects cycles of both lengths. Thus there exists a u v walk of length (n − 9)(n − 6) + 0(n − 7)
Suppose that there is a 2 2 walk of length
Since vertex 2 is on (n − 6)-cycles only, it follows that a 1 (n − 6) + a 2 (n − 7) + n − 6 = (n − 7)(n − 8) + (n − 5) − 2, implying that a 1 (n − 6) + a 2 (n − 7) = (n − 7)(n − 8) − 1, giving a contradiction. The proofs of theorems in conditions (iv), (v) and (vi) rely heavily on the fact that these digraphs have large exponent. Recall that (2) is not satisfied for any digraph D on n vertices with large exponent that is isomorphic to H (n) for n 9 as defined in the proof of Theorem 5.2, or M(n) for n 22 as defined in the proof of Theorem 5.3. Thus the fact that a primitive digraph D has large exponent is not sufficient for it to satisfy (2) . What are necessary and sufficient conditions for a primitive digraph with large exponent and circumference n − 2 to satisfy (2) 
